The spectrum of baryons containing heavy quarks of one flavor is described in terms of representations of the group SU(2) × SU(6), where the two factor groups refer to spin rotations of the heavy quarks and spin-flavor rotations of the light quarks, respectively. This symmetry has a natural interpretation in the heavy quark limit. We exhibit the decomposition of baryon mass operators under this symmetry and compare to experimental results. We discuss the relation of this analysis to that of large-N c QCD as well as four-flavor SU(8), and indicate the generalization of this work to other properties of heavy baryons.
I. INTRODUCTION
Recent experiments continue rapidly to expand our knowledge of the properties of heavyquark hadrons. For example, the past few years have seen evidence for the first observations of numerous ground-state charmed and bottom baryons, including both charmed and bottom cascades and bottom Σ's. One important task of current theoretical efforts is to perform a critical analysis of whether we understand the information this new data is providing. A natural starting point is to develop an understanding of the mass spectra of heavy-quark hadrons. In this paper we propose a symmetry group for the heavy baryons and explore its mathematical and phenomenological consequences.
The symmetry paradigm we adopt is the group SU(2) × SU (6) , where the first factor refers to the spin of the heavy quark Q = c or b, and the second factor is the spin-flavor symmetry of the three light quarks u, d, and s. By organizing the representations (hereafter reps) of the symmetry group in this way, we recognize the fundamental phenomenological difference between heavy and light quarks. In particular, we appear to inhabit a world in which one may accurately calculate physical quantities by performing expansions about the massless quark limit for light quarks (chiral perturbation theory) and about the infinite mass limit for heavy quarks (heavy quark effective theory). The symmetry SU (6) for baryons has a long and illustrious history, and appears to accurately model reality in describing features like the closeness of the octet and decuplet of light baryons, the magnetic moment ratio µ p /µ n ≈ −3/2, and the axial current coefficient ratio F/D ≈ 2/3. The decomposition of light baryon bilinear operators in SU (6) , analogous to the analysis performed here for heavy-quark baryons, appears in Ref. [1] . The use of SU(6) × O(3) to describe just the light quarks (including orbital angular momentum) in heavy baryons has recently been advocated by Körner [2] to increase predictive power beyond heavy quark effective theory.
The ground-state charmed baryons (and by inference, the bottom baryons) appear to fall into multiplets determined by the SU(4) flavor symmetry of the u, d, s, and c quarks [3] .
How can this be when the charm quark is so much heavier than the other quarks? In fact, the same spectrum arises from the much milder assumption of approximate SU(3) symmetry for light quarks and the assertion that the color wavefunction for each baryon is completely antisymmetric in all of the quark indices. Then the (spin × flavor × space) wavefunction must be completely symmetric under exchange of quark indices; since the ground-state baryons are assumed to have no internal orbital angular momentum, the space wavefunction is symmetric. The two possible spins from three quarks are 1/2 (mixed symmetry) and 3/2 (completely symmetric), and working out the corresponding SU(3) reps for 3, 2, 1, and 0 light quarks that leave the product of spin and flavor wavefunctions symmetric gives the multiplet structure indicated in Ref. [3] . Unlike for SU (4) or its corresponding spin-flavor group SU (8) , the levels of the multiplets, each of which has a different number of heavy quarks, belong to different reps in this construction and thus are a priori unrelated.
In principle, any symmetry may be used to describe the heavy baryons as long as it contains operators in all allowed reps that contribute to physical quantities; the relation between two such symmetries is simply a basis transformation. For example, Jenkins [4] considers the heavy baryons in the large-N c QCD expansion. It is only in assuming that operators in certain reps give smaller contributions than others to physical quantities, that one obtains relations between observables, and since different symmetries organize the same space of operators in different manners, distinct predictions arise.
In Sec. 2 we review current experimental knowledge of heavy baryon masses. Section 3 presents the tensor formalism for baryons in SU(2) × SU(6) and explains how the relevant Clebsch-Gordan coefficients are obtained. In Sec. 4 we describe the phenomenological application of the symmetry and compare the results to experiment. Section 5 compares the consequences of this symmetry to spin-flavor SU(8), large-N c QCD, and other recent work. Section 6 briefly discusses other applications of the formalism and concludes. The Clebsch-Gordan coefficients and mass operator decompositions appear in the Appendix.
II. STATUS OF EXPERIMENTAL RESULTS
Let us briefly review the state of experimental measurements, both to indicate the level of completeness of the multiplets and to fix notation for degenerate states. See [3] for a geometrical picture of the weight space. The Q = 0 levels of the multiplets are the wellknown SU(3) 8 for spin-1/2 and 10 for spin-3/2, whereas none of the Q = 2 or Q = 3 baryons have yet been observed. Signals for almost all of the Q = 1 charmed baryons have been seen, excepting the Ω * c and some of the distinct isospin states. For the Q = 1 bottom baryons, experimental uncertainties on Λ b mass measurements are rapidly decreasing, preliminary values for the Σ b and Σ * b masses exist, and evidence for the Ξ b baryon has been presented [5] , although mass measurements have not yet appeared. The data is summarized in Table I .
Note that two distinct Ξ Q baryons occupy the same sites in the multiplets, and thus mixing terms between them occur. We use the notation recently favored by experimental groups, that Ξ ′ Q and Ξ Q respectively indicate the sextet and antitriplet states of SU(3). In sextets (antitriplets), the two light quarks are symmetric (antisymmetric) under exchange of indices, and thus are in a relative spin-1 (spin-0) state. One expects Ξ ′ Q > Ξ Q from a simple quark model-inspired analysis of the spin-spin coupling in each baryon, in which aligned spins repel and anti-aligned spins attract. Another notation for these particles [14] is to use a subscript 1,2 to indicate the light quarks in a3 (6) .
III. TENSOR ANALYSIS IN SU(2) × SU(6)
The analysis presented here of SU(2) × SU(6) group theory by means of tensors closely parallels that in Ref. [1] (hereafter called (I)). We begin by defining appropriately symmetrized tensors to keep track of quark flavor and spin indices. In essence, this construction encapsulates all of the group-theoretical information and thus provides a route for obtaining all the relevant Clebsch-Gordan coefficients. Although the manipulations that follow apply to bottom as well as charmed baryons, we present the results for the latter; the correspond-ing results for the b-, bb-, and bbb-baryons are obtained by subtracting one, two, and three units from the charge superscript of c-, cc-, and ccc-baryons, respectively.
We begin by noting that light quarks in SU(6) transform according to the fundamental 6 rep. For ground-state baryons with one heavy quark, the two light quarks are completely symmetric with respect to exchange of (spin × flavor) indices, owing to the antisymmetry of the baryon wavefunction under color. The light diquark is then in the symmetric SU (6) rep from (6 ⊗ 6), which is the 21. For ground-state baryons with two heavy quarks, the light quark is necessarily in a 6. The analogous wavefunction for the Q = 3 baryon Ω * +++ ccc is trivial. In (I) we considered baryons with no heavy quarks, for which the completely symmetric SU (6) rep is the 56.
The tensor completely symmetric under the exchange of paired spin and flavor indices for the light diquark system (a 21 rep of SU (6)), which leads to the Q = 1 baryon tensor, may be represented by
where ǫ ij and ǫ abc are Levi-Civita tensors, χ ij represents the symmetric spin-one tensor for the light diquark, 2) and the SU(3) baryon tensors B are constructed as follows: The 6 is assigned the entries of the symmetric tensor B ab by
and the3 is assigned the entries of the tensor B c , in a particular phase convention [15], according to
Because these tensors describe diquarks rather than the full heavy baryon, the identity of the baryon only becomes fixed when the spin of the heavy quark is included. In particular, the entries of the 6 should be taken to represent either spin-1/2 or spin-3/2 baryons, depending upon the spin of the heavy quark. Then the full baryon tensor wavefunction, including the heavy quark spinor χ k with χ 1,2 = ↑, ↓, is
Lastly, the factor 1/2 in Eq. (3.1) is determined by the singlet normalization that B ai,bj;k B ai,bj;k produces all bilinears for each baryon field in a given spin state appearing only with its conjugate, and each with coefficient unity.
The tensor rep for baryons consisting of two heavy quarks and one light quark is much simpler. The light quark piece (6 of SU (6)) is just
where χ i is its spin, with χ 1,2 = ↑, ↓, and the 3 of SU(3) is assigned the entries of the tensor B a according to
As before, these components may refer to either spin-1/2 or spin-3/2 baryons, depending upon the spin state of the two heavy quarks. The full baryon tensor is then
where χ jk is the (symmetric) spin tensor for the two heavy quarks and has the same form as Eq. (3.2).
The SU(2) × SU(6) decomposition using these tensors now follows from the same methods as in (I): Baryon mass terms are bilinears with J 3 = I 3 = Y = 0 and total spin J = 0, so the SU(6) 1 and 35 combinations are obtained by computing the bilinear expressions
for Q = 1, and
for Q = 2, where T are light-quark spin-flavor generators and J are heavy-quark spin generators. It is enough to compute explicitly the tensor for
, and (T 8 J 3 ) ⊗ j 3 , because these give the SU(6) 1 and 35, and the 405
for Q = 1 may be found by orthogonality.
In the Appendix we begin by computing the combinations of bilinears ("chiral coefficients") transforming under particular SU(3) and isospin reps, and combine them into SU (6) chiral coefficients by means of the tensor methods just outlined. The only complication is that one must take care to project out the appropriate components of heavy quark spin to obtain baryons with the desired total spin. Chiral coefficients not involving a spin flip of the heavy quark (heavy and light quark bilinears each with j = 0) are labeled X; those with a spin flip (heavy and light quark bilinears each with j = 1), and therefore suppressed in the infinite quark mass limit, are labeled Y . Similarly, the mass combinations associated with each chiral coefficient are labeled with the corresponding lower-case letter x or y.
There are 18 distinct mass combinations for the Q = 1 baryons and 6 for Q = 2, and these numbers are borne out by the mass combinations listed in Eqs. (A16-A17). The former number is obtained by noticing that, in addition to two sextets and one antitriplet, there is a mixing parameter between each member of the3 and the state in the spin-1/2 6 with the same weight.
IV. PHENOMENOLOGICAL CONSEQUENCES
In order to estimate the expected sizes of mass combination coefficients x and y listed in the Appendix, one must make some assumptions regarding the pattern of symmetry breaking; this analysis is similar to that in Ref. [16] . First note that all combinations in Eqs. (A16-A17) have zero net baryon and charm number except for the overall singlet term
1 , and therefore vanish in the SU(2) × SU (6) limit. Then the amount by which each combination deviates from zero is determined by the finding its overall scale and factors associated with symmetry breaking. To accomplish this, the combination is set to zero in the form lhs = rhs, where lhs and rhs are combinations of baryon masses with positive coefficients. Dividing by one-half of the sum of the numerical coefficients on either side (≡ k/2) gives a scale-independent result, and the magnitude of the combination is set by the typical uncharmed baryon mass Λ χ ≈ 1 GeV (uncharmed because the full combination has net zero charm number). Before including explicit symmetry breaking, the combination naively satisfies |x Table II. The set of baryon mass differences is thus reduced to the scale Λ χ and the dimensionless parameters δ, ǫ, θ, ǫ ′ , and ǫ ′′ . We estimate
and ǫ ′′ ≈ 0.001. This value for δ comes from the observation that the spin-flip operator explains the fractional difference of light octet and decuplet baryons, ǫ and ǫ ′ respectively arise from m s /Λ χ and (m u − m d )/Λ χ effects, and ǫ ′′ arises from noting that I = 2 effects occur in electromagnetic terms of O(αΛ χ /4π). These values should be taken as indicative rather than definitive, but the basic pattern should remain.
From Table II it is clear that one should focus upon the combinations associated with the largest reps, where the estimated magnitudes are smallest. Hyperfine (y) combinations are also highly suppressed. One caveat is that when x's or y's are combined, the numerical coefficient and suppressions like those in Table II Table I at face value, we predict
where the first error is from experimental uncertainties and the second follows from analysis as in Table II . As for the poorly-known Ξ ′ c mass, we may either check the measured value as it appears in 
which is certainly consistent with our estimates, or use it to predict the Ξ ′ c mass:
From this example we see that, as one is forced to employ less-suppressed combinations (here y 
When the mixing ν is pure I = 1, it is not only suppressed by ǫ ′ , but much more so through mixing terms γ and δ +,0 defined in the Appendix, we find three more relations by applying his method to the 2695 relation involving the Λ-Σ 0 mixing β from (I),
An 18th independent relation derivable from his method but not appearing in [17] is taken to be
The interesting question is how many of these relations turn out to be supported in SU (2) × SU (6) . Recall that SU(2) × SU (6) 
C. Comparison to Other Analyses
Here we focus briefly on two recent works on understanding the heavy baryon spectrum.
First, Zalewska and Zalewski [20] propose a "simple-minded" pattern for heavy baryon masses based on the following three rules: i) equal spacing between sextet isomultiplets, ii) equal spacing between corresponding spin-1/2 baryons containing c and b quarks, and iii) hyperfine splittings inversely proportional to the heavy quark mass. In terms of the mass combinations presented here, these rules correspond to i) x The third rule, which arises from heavy-quark flavor symmetry, is called into question by recent data (see Table I which by our estimates can easily accommodate the experimental value. Moreover, recall that the identification of the physical Ξ Q and Ξ ′ Q with pure3 and 6 states is obfuscated by a mixing parameter that a priori leads to mass shifts as large as tens of MeV.
VI. CONCLUSIONS
The symmetry group SU(2) × SU(6) provides a natural organization for calculating quantities relevant to the heavy baryons. By construction, it is designed to allow both a heavy-quark expansion and a light-quark spin-flavor expansion. In this paper we exhibited the group-theoretical features of the symmetry by explicitly constructing the tensor rep of ground-state baryons, and applied this to the mass spectrum. We found that the observed particles tend to fit well into multiplets of this symmetry when natural values for symmetry-breaking parameters are assumed, although the possibility of large Ξ ′ c -Ξ c mixings may complicate the spectroscopy.
Other computations, for example comparing decays of different heavy baryons, may be performed using this symmetry. By projecting out bilinears of total spin J = 1, 2, or 3, one may examine the structure of magnetic dipole, electric quadrupole, or magnetic octupole moments of the baryons, but it is questionable whether any of these quantities will be measured in the near future, owing to the short lifetimes of heavy baryons. Nevertheless, channeling of short-lived particles through bent crystals, in which very large effective magnetic fields are possible, may make such measurements feasible [22] .
Another direction involves a similar tensor analysis for the orbitally-excited baryons, beginning with the observed Λ * c1 and Λ * c2 . In this case, the tensor (3.1) is modified to include ℓ = 1 by the additional product of a tensor transforming like the spherical harmonic Y 1m .
Furthermore, generalization of the symmetry group SU(2) × SU ( [15] This is the phase convention for conjugate reps that gives the fundamental quark triplet as (u, d, s), but the fundamental antitriplet as (ū, −d,s); it guarantees that all raising and lowering operators produce positive coefficients. Because mass operators are quadratic bilinears, in our case it has no effect except to redefine the sign of Ξ + c mixing terms. ordinary bilinears and chiral coefficients is simply a basis change, so they are related by an orthogonal transformation. For definiteness of notation for isospin states, we use charmed baryon labels. Starting with Q = 1 baryons, define
where
with an analogous M 
with upper (lower) indices indicating SU(3) (isospin) reps. Then we compute [23] 
For the states with Q = 2,
where we may choose the phase convention
with
and an analogous M T 33 for spin-3/2 states, and
Using the notation that the SU(3) chiral coefficients for the spin-1/2 and spin-3/2 sextet are a R I and a * R I respectively, the total J = 0 (mass) chiral coefficients of SU(2) × SU(6) are given, with the SU(6) rep in the lower index and SU(3) and isospin in the upper indices, by 
X and Y are defined as chiral coefficients of SU(2) × SU (6) in which the heavy-quark bilinear, as well as the light-quark bilinear, has J = 0 or 1, respectively; these can be thought of as sets of bilinears that preserve or flip the heavy quark spin, and so the latter are suppressed operators in the infinite mass limit. In adding chiral coefficients to their conjugates (e.g. 
Presenting the Clebsch-Gordan coefficients in this factorized way is equivalent to generating the isoscalar factors of SU(6) ⊃ SU(3) × SU(2) for the product 21 ⊗ 21 for Q = 1 states, or6 ⊗ 6 for Q = 2 states. The analogous statement in (I) is that the isoscalar factors for 56 ⊗ 56 were generated.
Finally, we extract the baryon mass combinations that form the coefficients of operators transforming under particular reps of SU(2) × SU(6). Starting with the chiral coefficients X and Y , we read off the numerical coefficient of each baryon bilinear. To obtain the correct numerical coefficient in the corresponding mass combination, we use the Wigner-Eckart theorem to remove the relevant spin-SU(2) Clebsch-Gordan coefficient included in creating a total J = 0 bilinear, which is 1/2 for spin-3/2, 1/ √ 2 for spin-1/2; in short, one multiplies each spin-3/2 coefficient by √ 2. The mass combination is denoted with a lower-case letter.
In the following expressions, baryon masses are designated with their symbols, and γ, δ + , and δ 0 denote the coefficients of (Σ 
Likewise, for the doubly-charmed baryons, we obtain 
